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ABSTRACT
Properties of MHD discontinuities are discussed with 
emphasis on the magnetic field. Numerical solutions for 
large amplitude fast and slow simple waves are obtained and 
plotted in the p '-B£ plane, where p1 is proportional to the 
particle density and B^ . is proportional to the transverse 
magnetic field strength. Models are also proposed to illus­
trate the magnetic field configuration in the transition 
region within 1 earth radius of the magnetopause. The wave 
propagation vector ic is calculated by assuming it lies in
^  A  A
the direction which minimizes the variance of B*n, where n 
is a variable unit vector. Magnetic fields observed by 
Explorer 12 are then projected onto a coordinate system in 
which ic is one axis. Wave polarizations are studied in this 
projection. Fluctuations of the density and total pressure 
(magnetic plus particle pressure) of the fluid are in phase 
with fluctuations of the tangential magnetic field for the 
fast simple magnetosonic wave. Fluctuations of the fluid 
density are 180° out of phase with fluctuations of the tan­
gential magnetic field for the slow simple magnetosonic wave. 
Fast and slow waves are associated with changes in only the 
magnitude of the tangential magnetic field. Transverse waves 
are associated with only a rotation of the tangential field. 
The total pressure can remain nearly constant across a slow 
wave but not across a fast wave. As a result/ slow waves in
viii
the inner magnetosheath need not produce large variations in 
the total pressure on the magnetopause, while fast wave must 
produce large variations in the total pressure on the magneto­
pause. The periods or quasi-periods of the HM waves observed 
in the magnetosheath are found to range from 10 seconds to 
90 seconds, and the amplitudes range from 10 to 30 gammas.
The lower limits on periods and amplitudes are a result of 
data limitations. A physical picture of the magnetic field 
fluctuations in the inner magnetosheath is obtained from the 
data when presented in geomagnetic coordinates. Physically a 
slow magnetoacoustic wave whose propagation vector is perpen­
dicular to § is similar to a frozen-in cloud of plasma. The 
magnetic field direction is observed to change more in the 
low field regions than in the high field regions. An increase 
in the flux of low energy electrons is also usually observed 
in the low field regions. This indicates that the weak field 
regions are associated with high plasma densities. Taken 
together, these observations suggest that elongated plasma 
clouds occupy the low field regions. The large magnetic field 
fluctuations observed in the inner magnetosheath are produced 
as these plasma clouds move past the satellite.
SECTION I
INTRODUCTION
The region which contains the geomagnetic field is
called the magnetosphere and the boundary is called the
magnetopause. A shock front has been observed beyond the
magnetopause over the day side of the earth. The region
between the magnetopause and the shock front is referred
to as the transition region or the magnetosheath. The
distance to the magnetopause from the earth's center in the
solar direction is on the order of 10 R„ [1] (R„ is the6 6
earth's radius). The transition region is on the order of 
4 Rg thick. [1], The observations used in the present study 
cover the region within 1 Rg of the magnetopause. The pur­
pose of this thesis is to study the structure of the hydro- 
magnetic waves which are observed in the inner magneto­
sheath. The data used in this work are from Cahill's [6] 
magnetometer on the Explorer 12 satellite.
Section II outlines the important equations and as­
sumptions used in this work. The usual magnetohydrodynamic 
equations are applicable in the frequency range studied. 
Dispersion relations for the wave modes are obtained from 
the linearized equations.
Two types of discontinuity surfaces are important 
in this work. A surface of weak discontinuity is defined as 
a surface at which the plasma pressure, density, and flow
1
2velocity, and the magnetic induction vector are continuous 
but at least one has a discontinuous derivative. The leading 
edge of a MHD wave is an example of a surface of weak dis­
continuity. Properties of such surfaces are discussed in 
Section III.
Three propagation velocities for weak discontinuities 
exist in an ideal conducting fluid. Three simple, plane MHD 
waves can therefore be defined, properties of these simple 
waves are discussed in Section i v .  One of the main accom­
plishments of the present work was to develop a method of 
comparing the available experimental data to the theoreti­
cally predicted properties of simple MHD waves. This work is 
discussed in more detail beginning with Section VI... First, 
however, strong discontinuities are discussed in Section V.
At a strong discontinuity one or more of the plasma para­
meters experiences a finite jump. The three simple wave 
modes can be associated with three classes of strong discon­
tinuities. Other strong discontinuities have been detected 
in the solar plasma, and must therefore propagate through 
the magnetosheath.
The simple MHD wave mode polarizations are discussed 
in Section VI. Sketches of these polarizations are presented 
in a wave oriented coordinate system. These simple wave modes 
can be combined to produce arbitrary polarizations, and a few 
examples are also sketched in this section. These polariza­
tion diagrams are compared with experimental data after the 
data are transformed to a suitable wave oriented coordinate
3system.
Data are also presented in geomagnetic coordinates 
to provide a physical picture of the structure of observed 
fluctuations. Some classes of possible configurations are 
presented in Section VII to provide a basis for comparison 
with the data.
The method used in comparing observations with the 
theoretical polarization diagrams is described in Section 
VIII. We attempt to find the direction of the wave propaga­
tion vector from magnetic field measurements in the magneto­
sheath. We assume the wave propagation vector points in the 
direction which minimizes the standard deviation of §*n, 
where 3 is the measured magnetic field and n is a variable 
unit vector. By studying polarizations in a plane perpen­
dicular to the propagation vector, we can separate HM waves 
propagating in the transverse and magnetoacoustic modes. 
Relations between the particle density and magnetic field 
magnitude are predicted for the fast and slow magnetoacous­
tic waves.
Fluctuations of the magnetic field in the magneto­
sheath have been studied by Siscoe et al. [1] using Mariner 4 
data. They indicated that transverse fluctuations were 
smaller near the magnetopause and increased greatly near the 
shock. Compressional fluctuations in the frequency range
0.2-1.0 cps increased in intensity only slightly near the 
shock and were roughly constant throughout the magnetosheath. 
Both the absolute magnitude and the angles of the magnetic
4field display sirausoid-like oscillations with periods ranging
-3from 30 to 300 sec. The frequency range 10 - 0.5 cps was
measured by Mariner 4. A large amplitude oscillation with 
a period of 200 seconds was observed.
Experimental data from Explorer 12 are presented and 
compared to the theoretical models in Section IX. We conclude 
that the largest amplitude fluctuations usually propagate in 
the slow magnetoacoustic mode. A physical picture of the 
fluctuations in the inner magnetosheath is obtained from the 
data when presented in geomagnetic coordinates. The slow 
magnetoacoustic waves consist of plasma clouds or conden­
sations which are extended into elongated structures. The 
long axes of these structures are usually nearly parallel 
to the magnetopause. The data are consistent with a model 
in which the plasma clouds are pressed up against the mag­
netopause and are thereby elongated into the observed struc­
tures .
5SECTION II
BASIC ASSUMPTIONS AND EQUATIONS
Several basic equations and assumptions are given in
this section. A dispersion relation will be obtained from 
the linearized MHD equations. Consider an ideal conducting 
fluid in which all the dissipative effects are negligible. 
In other words the fluid is an inviscid, thermally noncon- 
ductive ionized gas with an infinite electrical conductiv­
ity. Such a fluid is governed by the following set of MHD 
equations:
Conservation of mass:






p = const. pY (4)
Isentropic condition
(5)
6Equation for magnetic induction:
|| = Vx(v x I) (6)
Maxwell1s equations:
v X S = i l i  J
» * *  - - I  itc a
V • § = 0 (7)
We use Gaussian units and neglect the displacement current
unless the fluid velocities are comparable with the speed
of light or the frequencies approach those of light waves.
The meaning of the symbols are defined in the following
list:
c
Y = the ratio of specific heats of the gas 
cv
S = entropy
p = density of the fluid 
p = pressure of the fluid 
v = velocity of the fluid 
$ = magnetic field 
3” = current density 
2 = electric field 
y = permeability 
c = speed of light
Assume that S, &, p, and v are all small perturba­
tions. We have i<<5Q , $<kp0 ' P<<PG and
7§ = S + B o
P = PQ + 0
P = PQ + P (8)
The zero subscript refers to variables in the stationary 
state. 2, v, and ;j are all zero in the steady state. The 
basic equations will be linearized by substituting equations 
(8) into equations (1) to (7) and dropping second order 
terms. Assume that each variable fluctuates in a form of 
a plane harmonic wave:
f = f (9)
o
where f indicates any MHD variable. Elimination of variables 
in the linearized equations leads to a dispersion relation, 
i.e., a relation between u and £ where w is the angular
frequency of the oscillation and ic is the wave vector. The
dispersion relation [2] is given by
2 , - ,,K
‘— Jin “ Oo1 v + + *Po) k  J75--- ] (k-v)
(B -k)(B *V) +
— -— — 2---  ic = 0 (10)4 up
A wave of arbitrary shape can be synthesized by superposi­
tion of elementary plane waves of the form (9). This super­
position principle is based on the linearity of the MHD 
equations.
A wave packet will propagate at the group velocity
8^ . The group velocity is
_  _ _  3(0 .30) " .30) „ ,,, v
g k “ 3kx 1 3k2 2 3k3 e3 * }
where e^, e2, and e^ are three orthogonal unit vectors; k^, 




In this section the properties of weak discontinu­
ities will be discussed. Jump conditions for the plasma 
parameters in weak discontinuities will be derived. By using 
the weak jump conditions, velocities of hydromagnetic waves 
are obtained. Consider a point on a surface of discontinuity 
SQ in Figure 1. n is a vector normal to the surface at a 
point on the surface. Let Q be any one of the variables
p, p, v, and S. At least one of their first derivatives is 
discontinuous. Consider the increment of Q in going from 
P^ to another point P2 on the same surface Sq . a quantity 
behind the surface of discontinuity is denoted by a minus 
subscript and one in front of the surface is denoted by a 
plus subscript. Then
Q+ (P1) = Q.tP-L)
Q+ (P2) = Q_(P25 (12)
The increment along the surface Sq is given by
iQ+ " Q+ <P2> - W
AQ_ - Q_<P2> - Q- <pl> (13)
From eq. (12) and eq. (13), we have AQ+ = AQ_. It indicates
that the derivatives of the function Q in directions tangent
10
to the surface SQ are continuous. By definition all func­
tions at the surface of a weak discontinuity are continuous 
and their derivatives with respect to any two perpendicular 
axes lying in the plane of surface should be continuous.
Only derivatives with respect to time and the normal direction 
n can be discontinuous at the surface S .
Let the jump in quantity Q across the surface SQ be 
[Q]. We define
where c = dn/dt - v = speed of the wavefront relative to n n
the fluid in the normal direction. This is the jump condi­
tion for the weak discontinuity.
o
[Q] = Q+ (P) - Q_(P)
When the surface is moving from r at t to r + dr at t + dt
then
dQ+ = Q+ (r+dr, t+dt) - Q+ (r, t) 
dQ_ = Q_{r+dr, t+dt) - Q_(r, t)







We apply the jump condition to the basic equations
11
(1), (2), (5), (6), (7), and eliminate the time derivatives
of all functions. The MHD characteristic relation [3] will 
be given by
cn (cn " bkH c n " ^  + b2)cn + a2bk } = 0 (16)
where cn = speed of the wave front relative to the fluid in 
the normal direction
= at ■ vn
= S-k o §°-k =   (17)
/ 4 itup0 /4irupo
K
/ 4ttpp
5 = — --- = Alfv6n velocity (18)
A 4
k = unit vector parallel to k 
a = speed of sound
= E l
/3p
Equation (16) gives the necessary condition for the existence 
of a surface of weak discontinuity. It is called the MHD 
characteristic relation. The roots of eq. (16) give
c = 0 (19)e
cA = ±bk (20)
cf = ±{^>[b2 + a2 + / (b2 + a2)z - 4azb2 ] }1/2 (21)
cs « ±{|[b2 + a2 - /:(bz + a^) ^  - 4azbk ] }1/2 (22)
12
The propagation speeds c , cn , c,, and c of the weak dis-6 A X S
continuities are called the entropy, Alfv^n, fast and slow 
magnetoacoustic velocities respectively. The adiabatic law 
requires that the entropy wave does not propagate in space.
If we substitute the polytropic gas law
p = f (S)pY (23)
where S is the entropy, then it is possible to have a prop­
agating entropy wave. The Alfv^n wave is a rotational wave. 
The disturbance can be represented as a combination of two 
waves traveling with ±c^ along Bo . The tangentail components 
of v and B rotate without changing their magnitudes. Since 
the increments in v and § lie in a plane perpendicular to 
the direction of their propagation, it is referred to as a 
transverse wave. Fast and slow waves depend not only on 
their relative speeds but also on the relative orientation 
of v, and ic. Generally they are neither purely trans­
verse nor purely longitudinal waves. If there is no compon­
ent of magnetic field along the wave propagation direction, 
they reduce to magnetoacoustic waves. If we denote 5Q as 
the jump of Q across the wave front and X-axis in ic direction, 
Bq in x-y plane, then SVz = 6B2 = 6S = 0 for magnetoacoustic
waves, 6V = 5V = 6B„ = 6p = 6S = <5p = 6p* = 0 for trans- x y y
verse waves. <5v = 6$ = 6p = 0 for entropy waves .
b2
Let the magnetic pressure be pm with pm = . In
a fast compression wave p and pm increase across the wave- 
front. In a fast rarefaction wave p and p„ decrease. In
13
a slow compression wave pm decreases as p increases. In
a slow rarefaction wave p„ increases as p decreases acrossrm
the wavefront. In a transverse wave p and pm are not changed 




In this section we discuss the properties of MHD 
simple waves. Introducing dimensionless variables, we ob­
tain numerical solutions to fast and slow simple waves 
characterized by the relation between the density of the 
fluid and the tangential magnetic field. For large amplitude 
disturbances, we can use a one-dimensional flow approach to 
the problem. The waves are all propagating in one direction. 
In a coordinate system in which the X-axis lies along the 
normal to the wavefront surface at some point of interest, 
the general one-dimensional MHD characteristic equations 
[3] for an isentropic fluid are given by
cndp + pdvx = 0 (24)
2 3 1c pdv + a dp + T|-- B dB + , B dB — 0nK x  ^ 4ttv y y 4iru z z (25)
c pdv — ■!—  B dB ~ 0 n^ y 4-itu x y (26)
cnpdvz " BxdBz = 0 (27)
cndBy + Bydvx “ Bxdvy = 0 (28)
°ndBz " Bxdvz + Bzdvx - 0 (29)
where
c = the speed of the wavefront relative to the fluid n
in the x-direction 
a = speed of sound
15
p = density of the fluid 
v = velocity of the fluid 
B = magnetic field
The condition that the above homogeneous equations have a 



























4 n p p
n
= 0 (30)
Let b = B /4irpp and b^ = Bx/4irpp. Equation (30) reduces to 
the MHD characteristic relation
<=n - bx> ‘°n - (a2 + b2>cn + ^  = 0 (31)
The equation has the characteristic roots
c = ±b n x
*2-r2-c„ = ±—  { (a + b ) +/ (a + b ) - 4a bx )





These give the transverse, fast and slow simple waves respec­
tively. For the transverse simple wave c = +b . eqs. (24),il X
(25), and (28) give 
dB B
^  - —sr— (35)
“ z By
2 2 2B + B„ = B. = const, rn general y z t 3
The magnitude of the tangential field component Bt does not 
change for the transverse simple wave. The tangential field 
just rotates. In transverse simple wave
it .dSt - o
For the fast or slow simple wave, eqs. (24), (26), (27), and 
(29) give
dB B B
■5=^ = = constant (36)
dBz Bz oz
This implies that StXdSt = 0. We can reorient the coordinate 
system in such a way that B = 0  and B = B . In this coor-
z y t
dinate system we can express all MHD variables as a function 
of one variable, p. Let us introduce some dimensionless 




p. = E 
?o
17
rj* ' = P*P p




PQ Y 1/Y 
Po = <|T P }
p* = p + pm
i.e./ total pressure = hydrodynamic pressure + magnetic 
pressure.
B2
Pm 8 tt p
Because of the adiabatic law in eq. (4) and the fact that the 
component of the magnetic field B in the wave normal direc- 
tion is always constant, pQ and pQ are also constant. For 
a gas with y = 5/3
_ 3
n = number density in unit cm
k = 1.38 x 10”16 erg/°K
y = 1 in Gaussian unit
p = nkT, where T is temperature in °K
B' = B/Bx
2 2B* = 1 + B£ , where B' is the total dimensionless 
magnetic field
, _ ,20tt nkT 3/5= (37)
Bx
* — ,.2= p* + 5/6 B' (38)
18
By letting B = 0 in the new coordinate system and elimina- 
ting cn from eqs. (24) to {29) with the above dimensionless 
variables introduced, we will have the following differential 
equation
dB' 2 1 + B ' 2 - p'5/3 dB'
-  (----- p^b^------ > - p' 1 / 3  = 0  <39>
The numerical solution to the above differential equation is 
shown in Figure 2. The density of the fluid increases with 
increasing tangential magnetic field for the fast simple wave, 
The density of the fluid decreases with increasing tangential 
magnetic field for the slow wave. Because p 1 can never go 
down to negative values, amplitudes of magnetic field fluc­




In this section we discuss briefly the properties
of strong discontinuities. If we take the general conser­
vation law and write it in an integral form for a thin 
region containing the surface of discontinuity, we will ob­
tain the jump conditions for the shock wave in the limit 
as the layer thickness approaches zero. The jump conditions
[3] are given by
Mass conservation:
where vn is the normal fluid velocity relative to the velocity 
of the surface of discontinuity.
Momentum conservation:
[pvR l = 0 (40)
(41)
Magnetic field:
[vnS - Bn*] = 0 (42)
Energy conservation:
[vn<! p^2 + pU + + vnp* ” f e r V  = 0 (43)
where U is the internal energy density of the fluid.
20
Solenoid jump:
[Bn] = 0 (44)
The necessary condition for the existence of the shock jump 
conditions leads to a characteristic equation which gives 
three modes of MHD shock wave propagation [3]. The shock 
exists only when the mass flow through the surface of discon­
tinuity is non-zero. Across a shockfront [p] > 0 and [p] > 0. 
The magnetic field increases across a fast shock and decreases 
across a slow shock. From shock stability considerations the 
magnetic field cannot reverse its direction. The tangential 
component of the magnetic field retains its direction across 
fast and slow shocks but increases its magnitude across a 
fast shock and decreases its magnitude across a slow shock.
The magnitude of the magnetic field is unchanged across a 
transverse shock. The magnetic field simply rotates on 
crossing the transverse shock. When [§] = [v] = [p] = [p] = 0, 
the strong discontinuities reduce to weak discontinuities.
Equations (40) to (44) also allow discontinuities for 
which pvR = 0. One type is called a contact discontinuity, 
and represents the hydrostatic equilibrium of two fluids. 
Density, temperature, and entropy can change across a contact 
discontinuity but the pressure must be continuous. A contact 
discontinuity is characterized by
pvn =0, [S] = [v] = Ip] = [p*] = 0
t* 0 • Ip] 5^ 0
21
A second equilibrium configuration which can separate 
two fluids is a tangential discontinuity. Both pvn and Bn 
are zero. The fluid velocity and the magnetic field are 
restricted to be tangential to the wavefront. Density, 
temperature, and pressure can change across the discontinuity 
provided the total pressure, p*, is continuous.
pvn = 0 , Bn = 0 , [p*] = 0
[£fc] * 0 , [vfc] ft 0 , [p] ft 0 , [p] ft 0
Another type of discontinuity is called a rotational 
discontinuity. Only the direction of the tangential magnetic 
field and the tangential velocity experience jumps.
pvn * °' Bn * °' [St] * °' [^ t] * 0 
[Bn] = [Vn] = [^ 2] = Ip] = tp*] = [p] = 0
22
SECTION VI 
POLARIZATION OF HM WAVES
In this section we study the polarization of HM waves 
starting from two simple modes. More complicated modes are 
obtained by superposition of the simple waves. Basically 
we have two independent linear polarizations of HM waves 
based on magnetic field perturbations and is the
perturbation magnetic field parallel to the steady state 
tangential field and Sj is the perturbation magnetic field 
perpendicular to the steady tangential field. A combination 
of these two kinds of perturbations can lead to a series of 
HM wave polarizations.
Let -
6 = 8 + 8 o
8 = 1  ei(S-S ' "t) o
i  = + Sj.
[Bk ] = 0
V = 0
;•§ = 0
The perturbation field S is always perpendicular to ic.
Bk = £.8 = k-(80+ 8) = k-80 = Bok
1. Linear Polarization.
a. Perturbating field t is perpendicular to the tangen-
23
tial field BQ t . (Figure 3)
We assume that the wave mode has the form
^  " “t)* OJL
where is the perturbating field having a complex amplitude 
B0i of zero phase. If B<<Bq .^/ then does not change very 
much in magnitude. It may be imagnied as a mechanism of 
bending and stretching the field lines. It belongs to 
transverse HM waves in the linear treatment.
S =
K  - 8 + sot 
S J-Sot
b. Perturbating field % is parallel to the tangential 
field §ot* (Figure 4)
Assume that the wave mode has the form
' _ ~ i(K*r' —  tot)
B" “ Bo//e
where B^ is the perturbating field having a complex amplitude 
of phase 0 18 = t a n _ 1  ^ JmBo*^l?eBo ^  * Fast and slow waves 
belong to this mode.
f - t .
% / /  % ot
For Bojc ^ 0, the waves are in general partially transverse 
and partially longitudinal. If B ^  = 0 ,  the mode reduces
24
to a magnetosonic wave.
c. Perturbating field 1 makes certain angles with the 
tangential field SQt. {Figure 5)
This is a mixed mode combining modes in la and lb 
with B = 2mr or (2n-l)n. n=0, 1, 2, 3,.........
Bll BJ.
= ■=—  , for B = 2nn
B B , oit ol
, for B = (2n-l) tt 
Bo// Boi.
t = %  +
The resulting tangential field generally changes its direc­
tion as well as magnitude.
2. Circular or Elliptical polarization.
a. Perturbating field ^ does not change its magnitude 
for circular polarization (Figure 6 ). This is a mixed mode 
combining modes in la and in lb with B = (2n-l)u/2. It couples 
transverse HM waves and magnetoacoustic waves in the non­
linear treatment.
B2 B2
- 2 + ~ 2 ~
Bo/i Box
It is circularly polarized for = B ^ a n d  elliptically pol­
arized for .oM ox
b. Perturbating field B goes in a segment of an arc 
(Figure 7) .
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This can be a mode combining modes in la and in lb
4 ^ ~ 2
with = “ 1/2 B or B = -2 Bot cos e , where 9 is the
angle of B with BQt in the linear treatment. The resulting 
tangential field 2 .^ does not change its magnitude but rotates 
about the origin of the tangential field. It corresponds to 
a transverse simple wave in the nonlinear treatment.
3. Coupled Polarization.(Figure 8 )
This mode combines modes la and lb with different 
frequencies rather than the same frequency as in the previous 




MODELS OF FIELD LINE CONFIGURATION
We propose some models of magnetic field configura­
tions based on the bending, compression, or expansion of 
magnetic field lines which may occur in the transition re­
gion.
1. Compression and expansion without bending.(Figure 9)
Magnetic field lines are compressed together in one 
region and expand in another region without bending. Mag- 
netosonic wave with ic J. corresponds to this configuration. 
The fluid density is larger in the dense magnetic field region 
than in the rarified field region for fast waves propagating 
in a direction perpendicular to the magnetic field. The fluid 
density will be larger in the rarified magnetic field region 
than in the dense field region for slow waves.
2. Stretching and bending without much compression or ex­
pansion. (Figure 10)
The magnetic field lines are bent without much com­
pression or expansion. Transverse HM waves correspond to 
this configuration. The transverse HM waves propagate along 
the steady magnetic field. The density of the fluid is not 
changed in the linear approximation and the compressibility 
of the fluid does not play any role in the propagation of 
these HM waves.
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3. Symmetric expansional bending.(Figure 11)
The magnetic field lines expand and bend in a symmetric 
way. If the fluid also expands with the expansion of the mag­
netic field, it will correspond to the propagation of a fast 
wave. If the fluid is compressed as the magnetic field ex­
pands, it will correspond to the propagation of a slow wave.
4. Symmetric expansional and compressional bending. (Fig. 12)
The situation is similar to (3) with the addition of 
compression of the magnetic field lines in some region. If 
the fluid expands with the expansion of the magnetic field, it 
corresponds to the propagation of a fast wave. If the fluid 
is compressed as the magnetic field expands, it corresponds 
to the propagation of a slow wave.
5. Non-symmetric compressional and expansional bending.
(Fig. 13 and Fig. 14)
The magnetic field lines compress and bend in some 
region; they also bend and expand asymmetrically in another 
region. The wave will propagate as a mixed mode HM wave.
SECTION VIII
ANALYTICAL METHOD
Wave propagation vectors will be calculated. A new 
wave-oriented coordinate system is set up. Magnetic fields 
are expressed in the new coordinate system for studying HM 
wave polarizations. The basic idea used depends on the 
solenoidal jump condition [B^] = 0. The normal component of 
the magnetic field must be continuous across any type of 
surface of discontinuity. Let
= individual magnetic field measurement
I = i I 6.
N i-1 1
= average of the N magnetic field measurements
A
k = unit vector normal to the surface of discontinuity
a
The problem is to find the normal vector k which gives the 
minimum standard deviation of the magnetic field measure­
ments along the normal vector. The standard deviation a
A
along an arbitrary unit vector n is given from the variance
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3
= I {(B~B - B B  )n n  + (eF - B3 )n3}
p,q=i p q p q p <a P P P  
p^q
3 2Z (B n n  + B „n„) (45)
p,q=l Pq P q PP P 
p^q
where
n = Z n e
P=1 p p
3ft a j 2
n • n = Z n = 1 
p=l p
e^ with p=l, 2, and 3 are the unit vectors along the x^, 
and x^ axes respectively, n are the direction cosines of
A
n in the x^, x ^ , and x^ coordinate systems as shown in Figure 
15.
B E B B  - B Bpq p q p q
BP p = ■ bp ’ p '9=1, 2 - 3
B^p = p component of the i'th magnetic field measurement 
i — If 2,.........,N
Sonnerup [5] showed that minimization of eg. (45) is equivalent 
to finding the smallest eigenvalue of the matrix Bpg* Here 
we use the principal axis transformation; the results turn 
out to be the same. Equation (45) gives an ellipsoid of 
variance with arbitrary orientation in the x ^ , X2 , and x^
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coordinate system. The matrix B is not diagonalized, i.e.,
pq
there exist non-zero off-diagonal elements. To diagonalize 
the matrix B , we solve the general eigenvalue problem Bn’ = 
Xn'. The eigenvalues X will be found by solving the secular 
equation
B - X6 | = 0  pq p q 1
i.e. b h -A- B 1 2 B13
B 2 1 B 2 2 ^ B23
B31 B32 B33- ^
B m  (B-  pq ) = B 1 1 B 1 2 B13
B 2 1 B 2 2 B23
B31 B32 B33
= 0 (46)
Equation (46) gives three eigenvalues Xj = B\j, j=l, 2, 3 
The eigenvectors are obtained from the equation
B-n' = A n '
i.e.
B 1 1 B 1 2 B13 \
B 2 1 B 2 2 B23








I nl* = 1  
j=l 13
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 ^ -> r 
where n|^ is the component of the eigenvector n^ along the
original x^ axis.
If we choose the three eigenvectors n£, n^, and n^ as the 
principal axes, then the eigenvector n£ corresponding to the 
smallest eigenvalue will give the required normal vector 
Jc. We denote the three eigenvectors n^, n^, and n^ by K,
 ^  ^ A A A
L, and M respectively Let k, 1, and m be unit vectors along
K / L f cl X1Q M * Xi “ / X ^ “ X n / X X^*k 1 1  2 m 3
k. = n! .
lj = n ^  j=l, 2, 3
m j = n3j
Eigenvectors are all normalized to unity, k., 1., and m. are
3 3 3
the direction cosines of £, and S with respect to axes of
the original coordinate system. In the principal axis co­
ordinate system
A A A A
n = n, k + n, 1 + n mk 1 m
where n, , n,, and n_ are the direction cosines of n withk 1 m
respect to the principal axes £, and S respectively. By
using the principal axis transformation, equation (45) re­






Results of these calculations are sometimes unreliable because 
of data limitations. We required two conditions to be sat­
isfied: k 3 < 0 . 8 and ^ j ^ k  > results which were
used. The first condition eliminates all calculated normal 
vectors that fall within a double cone of half-angle 37° 
centered along the spin axis of the spacecraft because the 
calculated normal vector will tend to coincide with the 
satellite spin axis rather than with the true wave normal.
The second condition will ensure the two smallest axes of the 
ellipsoid of variance are not so nearly equal that they could 
be confused. Substantial errors due to the digital nature 
of the data or altitude changes occurring during the penetra­
tion time are present. A normal field component of less than 
3y is considered insignificant.
satellite in terms of B, a, and ij> as illustrated in Figure 16. 
There are three measurements per second. The measurements 
are then averaged over 5 second intervals. Typical day of 
measurements are plotted in Figure 17. The measurements in 
the spacecraft coordinate system are not suitable for study­
Magnetic field measurements are obtained from the [6 ]
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ing the properties of a discontinuity. We use the principal 
axis coordinate system with the K axis normal to the surface 
of the discontinuity and the L , M axes lying in the plane of 
the surface of the discontinuity. Let be the spin axis 
of the satellite as shown in Figure 18. Then,
where
. , 3
fi-k = B. = Z B.k.
* j=l 3 ]
* - 3
B*1 = B. = 2 B.l. 
1
*  ■ 3
” Bra =
. A A
B, = B,1 + B m t J. m
B^ = B sina cos^ 
Bj = B sina sinifi
B^ = B cosa
is the tangential component of the magnetic field. The 
HM wave polarizations are studied in diagram.
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SECTION IX 
OBSERVATIONS FROM EXPLORER XII
In some cases the calculated it vector shows random 
fluctuations. This indicates that no regular loci can be 
traced out for such random perturbations. We refer to such 
a field as turbulent. The observations cover nearly 1 Re 
in the magnetosheath near the magnetosphere on the subsolar 
side. For 12 events of large magnetic fluctuations picked 
from Explorer XII data, 4 events failed to show unique Jc 
vectors in a self-consistent manner. The latter were dis­
carded. The results of calculations for the remaining 8 
events are summarized in Table 1. Bk' Bl' Bm are avera9e
quantities. is the amplitude of tangential field fluctua­
tion. Polarizations of HM waves are plotted for those days 
in Figure 19 to Figure 26. The polarization of HM waves 
for August 18, September 6 , and September 10 belong to lb 
discussed in Section VI:, either fast or slow waves. August 
26 belongs to 2a and could be coupled by magnetoacoustic 
and transverse waves. September 2 belongs to 2b and is a 
transverse wave. September 22 belongs to lc, involving 
coupling of transverse waves and magnetoacoustic waves.
Most of the cases observed indicate the presence of fast or 
slow waves. Some cases are found in which - 0. For 
September 13 and September 24 coupled polarizations appeared. 
It is possible to separate the modes by filtering out the
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high frequency mode which corresponds to linear polarization, 
The result is the lower frequency mode corresponding to 








where are the weight coefficients. Two sets of weight 
coefficients are used.
(1) W 2 = W 2 = W 3 = W 4 - W 5 = 1 .( Figure 27b)
(2) W x = W 5 = 1, W 2 = W 4 = 4, W 3 = 6 . (Figure 27a)
Suppose that the magnetic field fluctuates as shown 
in Figure 28. The initial state is at B^. = &.0, p '  =  15.2, 
B.J. = 4.3. The average tangential field is = 9.5. The 
fluctuation of the tangential magnetic field will lead to 
the fluctuation of the fluid density from the character­
istic shown in Figure 2. The results show that the fluctua­
tion of p' is in phase with the fluctuation of B£ for the
fast wave with p"' = 19 where pT' is the average of p '. The
fluctuation of p 1 is 180® out of phase with the fluctuation 
of B^ , for the slow wave with F' = 11.4. We take two esti­
mates of the temperature and calculate the expected average 
particle densities for fast and slow waves as shown in Table
2. These may be compared with the summary of measurements
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shown in Table 3 [7]. The results show that either a fast 
wave or a slow wave could produce the observed magnetic 
field fluctuation. However, the amplitude of magnetic 
fluctuations is limited to < 5.0 for slow waves. When the 
total pressures are also plotted for the assumed magnetic 
field fluctuations, it is found that the fluctuations of p*' 
are in phase with the fluctuations of for the fast wave.
For the slow wave p*' stays relatively constant, permitting 
the existence of pressure balance conditions and a tangential
g
continuity. For T = 2 x l 0  °K, we take typical days to
calculate minimum particle density expected for slow waves.
Aug. 18: B^ . = 2-7, = 9, n = 22 cm”3, nT = 44 x 10® cm” 3
°K. Sept. 6 : B ’ = 4-14, p' w = 22, n = 26 cm”3 , nT = 52 x
l max
106 cm" 3 °K.
In general the fluctuations of p*' and p' are in 
phase with the fluctuation of B^ . for the fast wave. The 
fluctuations of p ' are out of phase with the fluctuations of 
B^ for the slow wave. The fluctuations of p * 1 for the slow 
wave depends on the relative fluctuations of B£ and p 1. It 
may be out of phase or in phase with B^ . or stay constant.
On some days such as August 26, September 2, Septem­
ber 6 , and September 13, the magnetic field along the wave 
normal direction is much less than 3y and should be considered 
as insignificant. Transverse waves or slow waves will not 
propagate, but fast waves will propagate across the magneto­
pause in this case. The fast waves produce large fluctua­
tions in the total pressure just beyond the magnetopause
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and cause the magnetopause to oscillate. The total pressure 
does not change nearly as much for slow waves. They will not 
induce large oscillations of the magnetopause. The magnetic 
field fluctuations observed inside the magnetosphere are much 
less intense than the large fluctuations seen outside the 
magnetosphere. This suggest the existence of slow waves in 
most cases rather than fast waves.
The period or quasi-period of the HM waves in the 
magnetosheath is found to range from 10 to 90 seconds with 
amplitudes of 10y to 30y. Much longer periods, up to 200 
seconds are also observed.
The magnetic field is also transformed to the geo­
magnetic coordinate system [8 ]. The resulting magnetic 
field configurations in the magnetosheath near the magneto­
pause for August 18, September 13, and September 22 of 1961 
are skethced in Figure 31 to Figure 33 from the proposed 
model as illustrated in Figure 29 and Figure 30. I is the 
inclination, D the declination of the magnetic field. B is 
plotted in a symmetric way with scale distance inversely 
proportional to the magnitude of the total field. The direc­
tion change as well as the magnetic field magnitude change 
are illustrated in the earth-sun meridian plane to show 
field configurations in the inner magnetosheath. Boundary 
crossings are U.T. 2:29:30 on August 18, U.T. 18:21 on 
September 13, U.T. 14:35 on September 22. There are more 
appreciable direction changes in low field regions than in 
high field regions.
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An increase in the flux of low energy electrons in 
the weak field regions is observed, indicating that the weak 
field regions are associated with high plasma densities. This 
suggests that the weak field regions are produced by the 
presence of elongated diamagnetic plasma clouds. Such plasma 
clouds represent the limiting case of propagation of slow 




Most of the error in individual magnetic field meas­
urements comes from the digitization performed during data 
reduction. This introduces an uncertainty of ±12y in each 
of the three Cartesian components of the magnetic field.
Much of the scatter due to digitization is removed by aver­
aging data over a 5 second period (16 points). The errors 
in this average are ±3y in each component of the magnetic field 
and ±4y in the tangential component of the magnetic field. 
Hence, HM waves with periods of less than 10 seconds or ampli­
tudes of less than 4y will not be detected.
We interpret the magnetic field fluctuations thus far 
obtained as HM waves. The periods or quasi-periods of the 
HM waves observed in the magnetosheath range from 10 seconds 
to 90 seconds with amplitudes of 10y to 30y. The lower 
limits on periods and amplitudes are a result of data limit­
ations . Pure modes of HM waves as well as mixed modes in­
volving the coupling of transverse waves and fast or slow 
waves are observed.
The propagation vector in all cases except on Sep­
tember 13 pointed nearly in a radial direction toward the 
earth's center. We would expect to find large magnetic fluc­
tuations inside the magnetosphere if the observed waves 
propagated in the fast mode. This was the case only on
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September 24. Most of the magnetic fluctuations inside the 
magnetosphere were less than 5y (below our limits of detec­
tion) in amplitude. We expected this to be the case with 
slow waves or transverse waves. Therefore, it is possible 
that some fast or slow waves were present on September 24. 
Observations on August 18, September 6 , and September 10 
require the presence of slow waves. Some transverse waves 
were observed on September 2. Both slow and transverse waves 
were detected on September 13, August 26, and September 22, 
whereas fast and transverse waves might appear on September 
24.
The total pressure fluctuation is in phase with the 
fluctuation of the magnetic field for fast waves. Past waves 
in the inner magnetosheath produce large variations in the 
total pressure on the magnetopause. As a result, the fast 
wave propagates across the magnetopause into the magneto­
sphere. Oscillation of the magnetopause results from the 
propagation of a fast wave. The magnetopause may not oscil­
late when slow waves are present provided the total pressure 
remains constant. The magnetopause is assumed to represent 
a tangential discontinuity. The transverse HM wave always 
propagates along the steady magnetic field. It belongs to a 
rotational discontinuity. All MHD wave modes probably exist 
in the magnetosheath. Our observations, however, suggest 
that the slow magnetoacoustic mode is usually responsible 
for the very large magnetic field fluctuations seen in ex­
perimental data. Neither the fluid density nor the particle
41
pressure is changed during the propagation of transverse HM 
waves. The fluctuations of fluid density are in phase with 
the fluctuations of the magnetic field for the propagation 
of fast waves. The fluctuations of the fluid density are out 
of phase with the fluctuations of the magnetic field for slow 
waves.
When viewed in geomagnetic coordinates, the data show 
that the largest fluctuations are produced by plasma struc­
tures which are elongated in a direction parallel to the 
magnetopause surface. As a result, the observed vector 
points radially toward or away from the earth. It is sug­
gested that the plasma structures have been pressed up against 
the magnetopause as they are swept along by the solar wind. 
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OUTBOUND INBOUND INBOUND INBOUND
TABLE 2
WAVE MODE Fast Wave Slow Wave Fast Wave Slow Wave
TEMP IN °K 106 2xl06 106 2xl06 105 2xl06 106 2x10
QUANTITY
BK<r> 4.7 4.7 4.7 4.7 3.0 3.0 3.0 3.0
BT (r) 44.6 44.6 44.6 44.6 28.5 28.5' 28.5 28.5
BT (y) 20.2 20.2 20.2 20.2 12.9 12.9 12.9 12.9
Average ?
N CM 21.6 10.8 9.5 4.8 13.8 6.9 6.1 3.0
TABLE 3
Measurement Bulk Velocity km/sec Temperature 10** °K Approximate Density ions/cm3 Remark
\A) BY WOLFE 
ET At. (7)
(b) BY ARGO 
ET AL. (71
StrIam Magnetosheath Stream Magnetosheath
fcREE
Stream Magnetosheath
712+13 434+20 20+5 100+20 2.46+0.5 4.14+1
360 260 6.0 100 5.4 15.2
366 268 3.5 55 2.1 30.0 Damn
S10 365 7.9 200 2.9 6.5 Side
383 236 1.9 100 1.8 12.5
465 380 10.0 100 1.8 7.5
370 260 4.4 100 4.8 18.0
371 260 2.2 80 3.6 8.4
417 295 6.1 100 2.7 5.7 Dusk *
346 230 2.6 70 5.3 16.5 Side
529 380 12.0 140 8.4 10.5
365 280 3.1 110 3.8 8.4
325 220 3.3 100 3.9 11.0
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